ABSTRACT This paper investigates the problem of almost blank subframe (ABS)-slot access in the heterogeneous networks to optimize network performance under the ABS scheme. Since maximizing network throughput requires global information and is not feasible in large scale or dense networks, the problem is solved from an interference minimization perspective after investigating the inherent relationship between local interference and achievable throughput. Since traditional binary interference model does not consider accumulated interference and thus results in inaccuracy, we take the accumulated interference into account and propose a generalized interference model, in which small cells are classified into different distant neighborhoods. An interference minimization game is formulated and is then proved to be an exact potential game, which has at least one pure Nash equilibrium (NE), and the best pure strategy NE point is a global optimum of minimizing aggregate interference. Combining the relationship between throughput and interference, the throughput maximization problem is proved to be an ordinal potential game, which possesses nice properties as well. A distributed algorithm is proposed to reach the NE, which minimizes the aggregate interference and maximizes the network throughput globally or locally. Furthermore, simulation results show that the proposed generalized interference model outperforms the traditional binary interference model.
I. INTRODUCTION
Heterogeneous networks (HetNets) have emerged with the advantages of increasing network throughput, low power but large coverage, traffic offloading and cost saving [1] - [4] . Traditionally, a HetNet is composed of several macrocell base stations (MBSs) and many overlaying smallcell (SC) base stations. Such overlapping structure results in severe interference problem. Almost blank subframe (ABS) technique was proposed to mitigate inter-tier interference by muting some MBS transmission subframes. During ABSs, SCs can schedule their victim users, who lie on the boundary of the cells and suffer terrible interference from the MBS in normal subframes. Many researches have studied the optimization of ABS parameter or usage in HetNets [5] - [12] . Most of them optimized the utilization of ABS from the perspective of scheduling resources in one SC [10] - [12] . However, with the presence of multiple SCs, especially in the dense network, mutual interaction between SCs occurs inevitably and can not be overlooked when adjacent SCs schedule their victim users simultaneously. A promising way to solve this problem is dividing ABS into consecutive slots for different SCs to access in. Thus, in this article, we focus on optimizing the ABS-slot access problem to enhance the network performance under the ABS scheme.
Network throughput maximization is a traditional optimization problem in enhancing network performance [12] , [13] . However, the task is challenging in the large-scale network, since it needs to gather information from all other SCs. An alternative solution, requiring only local information but achieving network throughput maximization as well, is necessary and profitable to be found out. Some researchers have tried to solve this problem from an interference minimizing perspective [14] , [15] . They considered less interference brings higher throughput and proposed the concept of neighborhood to depict the limited characteristic of the interference. They defined the SCs causing severe interference as neighbors while others are non-neighbors, whose impacts were supposed to be ignored. An interference level was proposed by them to define the interference in the neighborhood. Nevertheless, the model was not precise since it ignored the accumulated interference caused by SCs out of neighborhood. Thus, a generalized model should be structured to depict the interference more accurately.
Motivated by [14] and [15] , in this article, the ABS-slot access optimization problem is solved from an interference minimizing perspective. Generalized from the traditional binary interference model, SCs are classified into various distant neighborhoods and a generalized interference model is proposed, in which the accumulated interference is taken into account. A generalized interference level is defined and the problem is formulated as minimizing the aggregate interference level. After investigating the inherent relationship between local interference and achievable throughput, we claimed that minimizing aggregate interference level equals to maximizing network throughput approximately. A generalized interference minimization game is formed to analyze the formulated problem. The game is proved to be an exact potential game after analyzing, which has at least one Nash Equilibrum (NE) and the best pure strategy NE point is a global optimum of minimizing aggregate interference. Note that, a centralized control is absent in the scenario considered in this article, which means, SCs make decisions by themselves. Thus, a distributed algorithm is proposed to achieve the NE for the proposed game.
The contributions of this article are summarized as follows: 1) A generalized interference model is proposed to depict inter-cell interference, which is more precise than the traditional binary one.
2) The inherent relationship between local interference and achievable throughput is investigated, and we find out that the achievable throughput decreases monotonously with the increase of the local interference.
3) The ABS-slot access problem is formulated as a generalized interference minimization game and is proved to be an exact potential game which has at least one NE. What's more, the best pure strategy NE point is a global optimum of the interference minimization problem.
By applying the approximate relationship between local interference and achievable throughput, the throughput maximization game is proved to be an ordinal potential game which possesses nice properties as well. 4) A distributed algorithm is proposed to achieve the NE with local information. The algorithm converges to a global or local optimum of the aggregate interference, and since it only requires local information, the convergence speed is faster compared with those requiring global information. The rest of the paper is organized as follows. Some related works are presented in Section II, while the system model and problem formulation, together with the motivation and investigation are given in Section III. In Section IV, the generalized interference minimization game is formulated, its properties are analyzed and an algorithm is proposed to achieve the NE. In Section V, simulation results are presented and finally a conclusion is made in Section VI.
II. RELATED WORK
Almost Blank Subframe is a newly introduced method proposed by the 3GPP [16] to mitigate inter-tier interference in HetNets. The MBS stops data transmission during ABS, while SBSs can serve their victim users who suffer great interference from the MBS during normal subframes. Some existing work studied the optimization of ABS parameter or usage in HetNets [5] - [12] . Specifically, [5] and [9] proposed an ABS ratio setting scheme and an algorithm, respectively. Scheduling resource allocation has also been investigated [10] - [12] . In [10] , the authors discussed different scheduling strategies and analyzed performance for different scenarios. Sung and Baras studied the optimal number of ABSs along with scheduling in ABSs. Nevertheless, these existing work focused on optimizing and scheduling in one specific SC and did not investigate mutual interaction between nearby SCs. For example, in [7] , the authors exploited the sparsity of the SCs and derived properties for the optimizing ABS control. In [8] , inter-cell interference was handled through orthogonal beamforming in user scheduling. In the presence of multiple SCs, especially in large-scale or dense networks, mutual interference occurs inevitably when two nearby SCs access the ABS simultaneously. Further dividing each ABS into various slots for different SCs to access in may be a promising method to alleviate mutual interference. Thus, in this article, we focus on the ABS-slot access problem to enhance the network performance by minimizing inter-cell interference during ABS.
The interference graph model has been widely used in formulating inter-cell interference [17] - [23] . Authors in [17] used the interference graph model by pointing out that transmission is severely affected by a few surrounding SCs, and remote SCs cause trivial interference. In [21] and [22] , the authors defined a neighborhood to depict the limited characteristic of the interference. The interference in the neighborhood was treated equally, and that coming out of the neighborhood was ignored. Qiu et al. [23] proposed an interference-separation clustering based on the original interference model. However, such assumption and formulation are not precise, since SCs at the boundary of the neighborhood result in non-negligible interference as well. What's more, if the accumulated interference caused by outside SCs is strong, it can not be ignored as well. Thus, it is necessary to extend the traditional binary interference model to a more generalized one.
Note that, hyper graph model was recently used to capture the accumulative interference in dense wireless networks [24] - [27] . Specifically, in [26] , authors designed a hypergraph-coloring scheme for channel allocation. However, the construction of the hypergraph is complicated and tough. By contrast, the proposed model is more simple and efficient.
III. SYSTEM MODEL AND PROBLEM FORMULATION
A. SYSTEM MODEL Consider a hierarchical SC network, where one macrocell covers S SCs operating on the same spectrum. Denote the set of SBSs as S = {1, 2, · · · , S}. In order to mitigate inter-tier interference, the MBS sets some subframes as ABS, during which it has no data transmission and SBSs can serve their victim users. A simple example of the ABS scheme is shown in Fig. 1 .
As stated before, most existing studies optimized the utilization of ABS from the perspective of scheduling resource in one SC. However, in the presence of multiple SCs, which is exactly the scenario considered in this article, mutual interference occurs inevitably when two nearby SCs access the ABS simultaneously. To solve this problem, an efficient way is dividing the ABS into several consecutive slots with equal length, and let different SCs choose different slots to mitigate mutual interference. In this article, we consider one specific ABS. 1 Specifically, an ABS is divided into T slots and denote the slot set as T = {1, 2, · · · , T }, (T < S). 2 Then the accessed slot of SC n is denoted as t n , t n ∈ T . Furthermore, we assume that there is no central controller available for 1 Note that the analysis and results can be easily extended to scenarios with multiple ABSs. 2 In this article, we mainly consider scenarios in which the number of available slots is less than that of SCs, i.e., the resource is limited. For scenarios in which the number of available slots is greater than that of SCs, the analysis and solutions also hold, as can be expected. managing the SCs, which means each SC needs to determine the accessing slot in a distributed and autonomous manner.
B. MOTIVATION
During ABS, inter-tier interference is absent and only intratier interference exists. Thus, the achievable throughput of SC n can be described as
, (1) where B is the bandwidth, N 0 is the background noise, θ is the path loss exponent, A\C represents C is excluded from A, P n and P m , t n and t m are transmission powers and slot selections of SC n and SC m, respectively. Denote d n and d mn as the average distances from SC n to its serving users and from SC m to SC n, respectively. Accordingly, the aggregate network throughput can be expressed as
The above network throughput maximization is a traditional optimization problem [12] , [13] , which is challenging to be solved even in a centralized manner. The reason is that it requires information of all SCs which is not feasible in large scale or ultra dense networks. Thus, an efficient distributed solution with only local information is desired.
Since solving the above throughput maximization problem is difficult, some efforts have been done from the perspective of interference mitigation [14] , [15] . The inherent relationship between throughput and interference has been considered in some recent researches, e.g., [21] , [28] , and they assumed lower interference brings higher throughput. Thus, for the considered heterogeneous networks, an interference minimization approach which can achieve (near) optimal throughput with only local information exchange required would be desirable.
Most existing work regarded interference among SCs as limited, existing only between neighbor SCs [18] - [20] . Specifically, a neighborhood was defined to capture the interference among SCs, inside which interference brought by different SCs was treated equal, while outside which interference was ignored. However, SCs outside the neighborhood, especially those near the boundary, can still lead to nonnegligible interference as well. Take the network in Fig. 2 as an example, according to the rule of the traditional binary interference model, SC 2 and 3 cause interference to SC 1 while SC 4 − 7 do not. However, if the accumulated interference caused by SC 4 − 7 to SC 1 is strong, it can not be ignored anymore. Thus, we can conclude that the traditional binary interference model is not accurate, especially in dense networks. Therefore, it is necessary to develop a more precise interference model.
To handle the above issue, we propose a generalized interference model, which takes users beyond the traditional neighborhood into account. Specifically, SCs are classified into various distant neighborhoods. Denote the distance 
is the k-th neighborhood of SC n. An illustrative example of the proposed generalized interference model is shown in Fig. 3 . In this network, J 0 1 = {2, 3}, J 1 1 = {4, 5}. Note that, the range of neighborhood is defined by distance, and hence the interference is symmetrical in this article. That is to say, if SC n is in SC m's k-th neighborhood, SC m is in SC n's k-th neighborhood as well.
Remark 1:
To capture the accumulated interference in dense wireless networks, the hyper graph model [24] - [27] was considered very recently. In a hyper graph, two SCs interfering each other severely are linked by a line, while SCs causing accumulated interference and the interfered one are grouped into a circle. Both the line and the circle are called hyper-edges. The construction of hyper graph is complicated, and compared with it, the proposed model is much more simple but effective as well, since it does not need to know which specific SCs cause accumulated interference, but classify them into different neighborhoods according to the distances.
C. PROBLEM FORMULATION
In this article, each SC is supposed to choose one slot for transmission 3 and the selection of SC n is denoted as t n , t n ∈ T . Motivated by [21] , we introduce an interference level, which is related to the number of neighbors transmitting simultaneously with SC n, to describe the interference experienced by it. Most existing work considered only one neighborhood. Specifically, in [28] , the interference level is defined as
where δ(x, y) is an indicator function defined as:
However, it is not accurate since SCs out of the original neighborhood can cause non-ignored interference as well. Thus, the interference level is extended to a more generalized definition:
where α 0 , · · · , α k are different weight functions about d nm . Different distant neighborhoods correspond to different weight functions. Motivated by the original definition, since interference existing in the primary neighborhood is severe, it is reasonable to treat them as equal, i.e., α 0 = 1. Then the first term on the right of (5) is the number of SC n's primary neighbor SCs transmitting simultaneously with it. Since interference coming from SCs out of primary neighborhood differs greatly according to the distance, it is reasonable to define the weight in inverse proportional relationship with the distance, i.e., longer distance brings milder interference. In this article, the inverse proportional function is set as
, where θ is the path loss exponent. In particular,
• When a secondary neighbor SC m is on the boundary of the primary neighborhood,
Note that the analysis and results can be easily extended to scenarios where SCs choose multiple slots. VOLUME 5, 2017 on SC n is almost as strong as those in the primary neighborhood.
• If SC m is faraway from SC n, (
→ 0, its influence on SC n can be ignored.
• Generally, α k (d nm ) decreases as d nm increases, which is reasonable in wireless communications. For the sake of analysis, we just take the primary and secondary neighborhoods into account and more distant neighborhoods can be analyzed by analogy. Then the interference level is expressed as:
From the network perspective, the aggregate interference level can be defined as:
Intuitively, lower aggregate interference level results in higher network throughput, indicating the more efficiently the ABS is utilized. Thus, the problem of ABS-slot access for hierarchical SC networks is formulated as follows:
D. INVESTIGATION ON THE RELATIONSHIP BETWEEN THROUGHPUT AND INTERFERENCE
Comparing (1) and (6), it is obvious that optimizing interference is more cost saving than optimizing throughput since obtaining R n requires information of all SCs in the network, while I n only requires information of SCs in its neighborhood. We want to show the inherent relationship between throughput and interference, i.e., lower interference level equals to higher throughput, so that minimizing interference level equals to maximizing throughput and information exchange cost, as well as computation can be reduced. The throughput of SC n is affected by the interference coming from all others, i.e., m∈S:t n =t m ,m =n P m · d −θ mn . However, interference brought by SCs out of neighborhood, i.e., m∈{S\J n }:t n =t m ,m =n P m · d −θ mn is much lower compared with those in the neighborhood. Thus, it is reasonable to consider lower interference in the neighborhood results in higher network throughput approximately.
Despite of lacking rigorous mathematical proof, we show the inherent relationship through simulations in this part. The basic settings refer to [22] . 30 SCs are randomly deployed in a 200m × 200m network, where the path loss exponent θ = 3, the bandwidth B = 10MHz and the background noise N 0 = −174dBm/Hz. The transmission power and the radius of each SC are 23dBm and 20m. The primary interference range is 60m. The secondary neighborhood threshold is set as 120m. One decimal place of the interference level is kept for visual convenience and the throughput of SCs with the same interference level is averaged. The result is shown in Fig. 4 . Specifically, the average throughput of SCs, with no neighbors transmitting simultaneously with them, is 182 Mbps. The trend that throughput decreases monotonously with the increase of interference level in general is obvious.
Observation 1: The expected achievable throughput of an arbitrary user decreases monotonously with the increase of the experienced generalized interference. Mathematically, the relationship can be expressed as:
where f (·) is a monotonous decreasing function. Thus, it is claimed that maximizing network throughput equals to minimizing network interference level approximately, which is the exact motivation of this work.
IV. GENERALIZED INTERFERENCE MINIMIZATION GAME FOR ABS-SLOT SELECTION
Because of the intensity of hierarchical SC networks and the lack of a centralized controller, it is reasonable to solve the ABS-slot access problem by a self-organized and distributed manner. In the following, a game-theoretic is proposed to solve the problem of distributed ABS-slot selection.
A. GENERALIZED INTERFERENCE MINIMIZATION GAME FRAMEWORK
To address local interference among SCs, we formulate a graphical game model, in which only local interaction exists among neighboring users. Mathematically, the generalized interference minimization Game can be denoted by
, and u n are the available ABS-slot set, the primary neighbor set, the secondary neighbor set and the utility function of player n, respectively. Since interference coming from players beyond secondary neighborhood is ignored, the utility function of player n can be expressed as u n (t n , t J 0
are the actions of player n, primary neighbors of player n, secondary neighbors of player n, respectively. Since each SBS prefers lower interference level, it is reasonable to define the utility function as:
where I n is the generalized interference experienced by user n, as specified by (6) . Thus, the proposed game can be expressed as:
B. ANALYSIS OF NASH EQUILIBRIUM
Definition 1 (Nash Equilibrium [29] ): If and only if no player can achieve higher utilities by changing their actions unilaterally, can the action profile t * = (t * 1 , t * 2 , · · · , t * S ) be defined as a pure strategy Nash equilibrium (NE). Mathematically,
where t −n represents the action profile of all the players except player n. Definition 2 (Exact Potential Game) [30] ): G is an exact potential game as long as there is a potential function φ whose variation is the same with the utility function when any player changes its action unilaterally. Mathematically,
in whicht n is the action of player n after changing. Theorem 1: The proposed interference minimization game G is an exact potential game which has at least one pure strategy NE. Meanwhile, the best pure strategy NE point of G is a global optimum of the interference minimization problem P1.
Proof: Specific proof is presented in Appendix A. Theorem 1 characterizes the properties of the proposed generalized interference minimization game. In addition, if the user considers maximizing its achievable throughput, i.e., u n = f (I n ), then the throughput maximizing game can be formulated as:
Definition 3 (Ordinal Potential Game [29] ): A game is an ordinal potential game if there is an ordinal potential function φ' which satisfies the following equation:
where sgn(.) is the sign function. Mathematically,
Note that ordinal potential games hold the same properties with exact potential games [30] .
Algorithm 1 Distributed Algorithm for the ABS-Slot Selection Game
Initialization: Set iteration k = 0. Each SC i, i ∈ S classifies all other SCs into J 0 i and
Selecting a SC n randomly. All the other SCs adhere to their selections; 2. SC n explores every slots t n ∈ T and estimates corresponding interference levels according to (6); 3. SC n updates slot according to the following rule:
End loop
Note that K max is the maximum iteration step.
Theorem 2:
The throughput maximization game G is an ordinal potential game, which also has as least one pure strategy NE.
Proof: The proof is given in Appendix B. Remark 2: If the original throughput is used, i.e., u n = R n , then the corresponding game is very general and we can not obtain promising results. However, by applying the approximation relationship between the local interference and the achievable throughput, as presented in subsection III.D, it can be approximately analyzed using the theory of potential games, which would bring about some new sights into the system design and optimization.
C. DISTRIBUTED ALGORITHM FOR ACHIEVING NE
As the generalized interference minimization game is now proved to be exact potential game, we now propose a distributed algorithm for the game in the framework of ABS-slot selection, which is based on the principle of best response (BR) [31] . Specifically, during each iteration, one SC is randomly selected to update while other SCs' selections remain unchanged. The selected SC chooses the slot bringing the minimum local interference level. The algorithm is formally described in Algorithm 1.
Theorem 3: Algorithm 1 converges to a NE point of the ABS-slot access game and minimizes the aggregate interference level I locally or globally.
Proof: The proposed game has a finite improvement property (FIP) [30] since the algorithm ensures the utility of the updating user always increased and the potential function increases accordingly but is bounded (its maximum value is zero). Obviously, the algorithm terminates at an NE point of the game which reaches a global or local optimum of the potential function in finite iterations [30] . Again, using the relationship between the aggregate interference and the achievable throughput, it is known that the converging NE points minimizes the aggregate interference level I locally or globally.
Some further discussions on the proposed algorithm are listed below: 1) As there is an NE point that minimizes the aggregate interference, we can find the optimal NE using more complicated learning algorithms, e.g., the spatial adaptive play [28] , the log-linear algorithm [13] and the learning by trial and error [32] . However, their convergence speed is much slower. Actually, as the proposed algorithm converges to a global or local optimum of the aggregate interference, it can be expected that it would achieve high performance.
2) The most promising advantage of the proposed gametheoretic solution is that it only requires local information among nearby SCs. If we consider maximizing the achievable throughput (see equalization (1)) directly, it needs to know all the information about other SCs. By exploring the inherent relationship between local interference and achievable throughput, the generalized interference minimization game with local information exchange is applied to solve the original problem. 3) There is a fundamental tradeoff between the information exchange overhead and the performance. Specifically, with the considered secondary neighborhood threshold increasing, the interference relationship will be more accurate but the overhead increases accordingly. Thus, the choice of the neighborhood threshold will be application-dependent.
V. SIMULATION RESULTS AND DISCUSSION
In this section, we consider four network scales, i.e., 200m×200m, 250m×250m, 300m×300m and 400m× 400m. The density of SCs are the same, i.e., there are 30, 47, 68, 120 SCs in the corresponding networks, respectively. The bandwidth B = 10MHz, the path loss exponent θ = 3 and the background noise N 0 = −174dBm/Hz. The transmission power and the radius of each SC are 23dBm and 20m, and the primary neighborhood threshold d 0 τ is 60m [22] . A proposed interference graph is given in Fig. 5 to display the interference status in the 300m×300m network. The blue nodes represent the SCs in the network. The black lines between them indicate they are in the primary neighborhood of each other and the red dotted lines between them indicate they are in the secondary neighborhood of each other. We take one SC as the central node for example. SCs in the green circle are its primary neighbors and those in the orange circle but out of the green one are its secondary neighobrs.
We first show the effectiveness of the proposed model and the algorithm. We compare the proposed neighbor model with the traditional binary one. The proposed algorithm is compared with a network throughput maximizing algorithm (NTMA), in which during each iteration, the selected SC updates its slot to the one bringing the maximum network throughput. It is notable that the NTMA requires global information interaction. As is shown in Fig. 6 , the introduction of the secondary neighborhood brings an enhancement on the network throughput. This is because the interference is depicted more comprehensive and detailed, resulting in the selection of SCs more beneficial for the throughput. It also shows that the proposed algorithm converges faster than NTMA. This is because the latter one requires global information, while the former one only requires local information exchanges. An interesting phenomenon appearing in Fig. 6 is that larger secondary neighborhood threshold does not result in higher throughput necessarily. Specifically, when d 1 τ = 90m, the network throughput is almost as high as that when d 1 τ = 150m, and even higher than that when
It may because the impact of interference coming from SCs out of 90m occupies a lower weight than (
That is to say, they may be classified into the third or even further neighborhoods. by traditional interference model is about 90% of the global optimization one, while that achieved by the proposed interference model, when d 1 τ = 90m, is about 97% of the optimal one.
Comparing Fig. 6 , 7, 8 and 9, we find the convergence speed becomes slower with the network scale expanding. This can be expected since larger network contains more SCs and the information exchange is more. Fig. 10 validates the increasing effectiveness of the proposed method with the increase of the network scale. As we can see, for all secondary neighborhood thresholds d 1 τ , the difference between the proposed method and the traditional method turns larger when the network borderlength extends from 200m to 400m. This is because we keep the same density in these networks. Therefore, in the same neighborhood, more SCs are considered in larger network. In this way, the interference is depicted more comprehensive and accurate, which helps the SCs select the slot maximizing network throughput equivalently. Although the difference when setting network throughput maximization as the goal is the largest, the information exchange cost is considerable for certain.
Motivated by [33] , we define a new metric, throughput per information exchange, to characterize the cost of the proposed method. Specifically, in this article, the information exchange is set as the total number of neighbors of all SCs in the network. Fig. 11 gives the metric performance in the 
VI. CONCLUSION
In this article, the ABS-slot access problem in the heterogeneous networks was investigated. The problem was solved from an interference minimization perspective, so that only local information was needed and was feasible in large scale or dense networks. After investigating the inherent relationship between local interference and achievable throughput, we claimed that minimizing aggregate interference equals to maximizing network throughput. A generalized interference model to depict interference more accurately was then proposed, in which smallcells are classified into different neighborhoods according to the distance. An interference minimization game was formulated and was proved to be an exact potential game which has at least one pure Nash Equilibrum, and the best pure strategy NE point is a global optimum of minimizing aggregate interference. Combining the relationship between achievable throughput and local interference, the throughput maximization problem was proved to be an ordinal potential game, which possesses nice properties as well. A distributed algorithm was proposed to reach the NE, which helps minimizing the aggregate interference and maximizing the network throughput globally or locally. Simulation results validated the superiority of the proposed model over the traditional binary interference model. However, it should be pointed out that the scenario considered in this article is static, and we will further study more practical scenarios in the recent future.
APPENDIX A PROOF OF THEOREM 1
The proof of Theorem 1 follows similar methodology proposed in [22] . In order to prove G an exact potential game, we first need to construct a potential function. Specifically, we define a potential function as follows:
Note that the defined potential function and the aggregate network interference is related by
If player n unilaterally changes its action from t n tot n , the change in its utility function can be expressed as:
and the change in the potential function can be expressed as:
which is made up of the interference level difference from SC n itself and its neighbors. Note that, the action change of SC n has no influence on those SCs out of its neighbor and we only consider two-layer neighborhoods in this article. Since SCs selecting different slots with SC n both before and after its changing do not influence the difference in the potential function, we only need to take those who select the same slot with SC n before or after its changing into consideration. Denote the set of SCs selecting the same slot with SC n before and after its changing as J . (24) Combining (22) (23) and (24), we obtain the following equation: = I n (t n , t −n ) − I n (t n , t −n ) = u n .
Thus, the proposed game G is an exact potential game. As a result, it has at least one pure strategy NE. According to the relationship between the potential function and the aggregate interference, as characterized by (19) , we can conclude that the best pure strategy NE point of G is a global optimum of problem P1. This completes the proof.
APPENDIX B PROOF OF THEOREM 2
In the throughput maximization game, the utility function is defined as:
To begin with, we formulate a potential function as:
where f (·) is the approximation function, as shown in (9) . If player n unilaterally changes its action from t n tot n , the change in the utility function can be expressed as:
According to Theorem 1, it follows that:
I n (t n , t −n ) − I n (t n , t −n ) = φ(t n , t −n ) − φ(t n , t −n ).
Based on (30) , and using the result that f (·) is a monotonous decreasing function, it can be verified that
which proves this theorem.
